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Abstract
We perform a detailed numerical study of the equilibrium ground-state structures of a binary rotating
Bose-Einstein condensate with unequal atomic masses. Our results show that the ground-state distribution
and its related vortex configurations are complex events that differ markedly depending strongly on the
strength of rotation frequency, as well as on the ratio of atomic masses. We also discuss the structure
and radius of the clouds, the number and the size of the core region of the vortices, as a function of
the rotation frequency, and of the ratio of atomic masses, and the analytical results agree well with our
numerical simulations. This work may open an alternate way in the quantum control of the binary rotating
quantum gases with unequal atomic masses.
Keywords: Symmetric and central vortex structure, rotating Bose-Einstein condensate, unequal atomic
masses.
1. Introduction
Vortices are fundamental excitations of nonlinear media and have attracted great interest in diverse
contexts of science and engineering, such as superconductor, nonlinear optics, and recently in Bose-Einstein
condensate (BEC) [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. Due to the existence of macroscopic wave function of the
condensate, the realization of BEC has brought about a suitable research environment for investigating
the general properties of superfluidity and superconductivity with a high degree of control and versatility,
which manifest themselves as the presence of quantized vortices [12, 13]. When the rotation frequency
exceeds a critical one, vortices begin enter the system and form a vortex lattice. It has also been well
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2established that the ground state of such a system under a rapid rotation is a vortex lattice, and such
lattices containing hundreds of vortices have been observed in experiments [14, 15].
With the recent prospects of producing multi-component condensate, in which the mixture has been
realized by using distinct elements [16, 17, 18, 19, 20, 21, 22], different isotopes of the same element [23, 24],
or different internal spin states of the same isotope [25, 26, 27, 28, 29, 30], vortex states in multi-component
condensates have become even more important. The lattice structures of such a system can—contrary
to its single-component counterpart where the lattice structure is always a triangular lattice—contain a
myriad of unusual ground-state vortex structures, and can be obtained either by increasing the number
of components or by introducing long-range interactions [29]. More specially, for a mixture superfluid
consisting of two-component BEC, which is described by two C-valued order parameters Ψ1 and Ψ2 [31], a
rich variety of exotic vortex structures, such as coreless vortices, giant skyrmions, interlacing square vortex
lattices, and serpentine vortex sheets, have been predicted [32, 33, 34, 35].
In a recent theoretical work, Kuopanportti et al. have investigated the exotic vortex lattices of such a
binary system with unequal atomic masses and attractive intercomponent interaction, where lattice having
a square geometry or consisting of two-quantum vortices have been found [15]. However, the ground-state
and rotational properties of such a binary BEC with unequal atomic masses has not been studied as
thoroughly [36, 37, 38, 39, 40, 41, 42]. To our knowledge, there has been little work on the size of the
condensate, and on the number and the size of the core region of the vortices, which is what we attempt
to do in this work. In this paper, we carry out a detailed numerical analysis of the combined effects of the
ratio of atomic masses and rotation frequency on the ground-state vortex structures of a binary rotating
atomic BEC with unequal atomic masses. Our results show that the ground-state distribution and its
related vortex configurations are complex events that differ markedly depending strongly on the strength
of rotation frequency, as well as on the ratio of atomic masses.
The rest of this work is organized as follows. In Sec. 2 we formulate the theoretical model describing a
binary BEC with unequal atomic masses, and briefly introduce the numerical method. The ground-state
3density distributions and its related vortex structures, together with the number and the size of the core
region of the vortices, as a function of the ratio of atomic masses, and of the rotation frequency, are
discussed in Sec. 3. Finally, in Sec. 4, we summarize the main results of the work.
2. Theoretical model and method
Generally speaking, for different atomic species, the critical temperatures below which BEC take place
are different. Thus we consider the lower critical temperature Tc = min{Tc1, Tc2}, at which both phase
transitions take place. Within the framework of zero-temperature mean-field theory, where the collisions
between the condensate atoms and the thermal cloud are neglected, the ground-state and dynamics of a
binary (or two-component) BEC are described in terms of two complex-value order-parameters Ψ1 and
Ψ2. For a quasi-two-dimensional (Q2D) system and viewed from the frame of reference co-rotating with
the trapping potential, the Gross-Pitaevskii (GP) energy function of such a system can be written as [31],
E[Ψ1,Ψ2] =
∫
dr
{∑
i=1,2
Ψ∗i (−
~2∇2
2mi
+ Vi(r) +
Uii
2
|Ψi|2 − ΩiLz)Ψi + U12|Ψ1|2|Ψ2|2
}
, (1)
wheremi is the mass of the boson i, and the rotating term is given by ΩiLz = i~Ωi(y∂x−x∂y). The external
trapping potential is assumed to be Vi(r) = mi[ω
2
ixx
2 + ω2iyy
2 + ω2izz
2]/2, with ωix, ωiy, and ωiz being the
x-, y-, and z- directions trapping frequencies of the harmonic potential. The coefficients Uii = 4pi~
2aii/mi
and U12 = U21 = 2pi~
2a12/mR denote the intra- and inter-component interactions, which are related to
the s-wave scattering lengths aii and a12 respectively, with the reduced mass mR = m1m2/(m1 + m2).
The Q2D condensate obtained by adding a very strong confinement along z axis, i.e., ~ωiz being much
larger than any other energy scale in the problem, allows us to separate the order parameter in the form
Ψi(r) = Zi(z)ψi(x, y), with Zi(z) = e
−z2/2a2
zi/(pia2zi)
1/4 denoting the ground state of the harmonic oscillator
with frequency ωiz and azi = [~/(miωiz)]
1/2.
By using the variational procedure [43, 44], i~∂ψi = δE/δψ
∗
i , we arrive at a pair of dimensionless
[45, 46, 47] coupled GP equations,
4i
∂ψ1
∂t
=
(
−∇
2
2γ
+ γV1 +
√
m2
γ
g11|ψ1|2 + σg12|ψ2|2 − ΩLz
)
ψ1,
i
∂ψ2
∂t
=
(
−∇
2
2
+ V2 + σg21|ψ1|2 +
√
m2g22|ψ2|2 − ΩLz
)
ψ2, (2)
where the mass ratio is defined as γ = m1/m2 and σ = m2/
√
2mR for the facilitation of expressions. And
gii =4piaii
√
1/(2pi~) and g12 = g21 = 4pia12
√
1/(2pi~) are the intra- and inter-species coupling constants.
Here we specialize to the “balanced” case with N1 = N2 = N , ωm = min{ωix, ωiy} = ωix = ωiy = 1,
Ω1 = Ω2 = Ω and g11 = g22 = g, and work in dimensionless units by scaling with the trap energy ~ωm
and the characteristic oscillator length a0 =
√
~/m2ωm, where appropriate. Thus, the external trapping
potential V1 = V2 = (x
2 + y2)/2, and the order parameters are normalized as
∫ |ψ1|2dr = ∫ |ψ2|2dr = 1.
To obtain the ground-state wave functions of such a system, one can minimize the total energy function
of such a system with respect to ψi, keeping the total number of particles fixed. Thus, the stationary
modes (the so-called time-independent version) of Eq. 2, with chemical potential µi corresponding to
ψi(r, t) = φi(r) exp(−iµit/~) [48], can be written as
µ1φ1 =
(
−∇
2
2γ
+ γV1 +
√
m2
γ
g11|φ1|2 + σg12|φ2|2 − ΩLz
)
φ1,
µ2φ2 =
(
−∇
2
2
+ V2 + σg21|φ2|2 +
√
m2g22|φ1|2 − ΩLz
)
φ2. (3)
To further simplify the numerical simulations, and highlight the effects of the ratio of atomic masses
and the rotation frequency, we further fix the intra-species interaction g = 100 and inter-species interaction
g12 = 20. The equilibrium vortex structures of the system in different parameter space are obtained by
using the Backward Euler pseudospectral (BESP) scheme within an imaginary-time propagation approach
[49, 50, 51, 52, 53]. For the initial data, we prepare the initial wave function as a combination of the
ground state of harmonic potential and a vortex state for the non-interacting case, which can be written
as
5φ(x, y, 0) =
(1− Ω)φh0(x, y) + Ωφυh0(x, y)
‖|(1− Ω)φh0(x, y) + Ωφυh0(x, y)‖|0
, (4)
with
φh0 (x, y) =
1√
pi
e−(γxx
2+γyy2)/2,
φυh0 (x, y) =
γxx+ iγyy√
pi
e−(γxx
2+γyy2)/2, (5)
where γx = ωx/ωm and γy = ωy/ωm. We stress that the obtained vortex structures should depend sensi-
tively on the initial wave functions in different parameter regions. In the following numerical simulations,
our numerical results show that such initial data always gives the real ground state as long as the rotation
frequency is not too large, i.e., Ω < ωm for the Q2D isotropic harmonic potential considered here.
3. Results and discussion
3.1. Numerical Results
As is referred before, the rotation frequency and the ratio of atomic masses play a very important role
on the ground-state and rotational properties of the system. In what follows, we will perform a series of
numerical experiments to study the combined effects of rotation frequency and the ratio of atomic masses
on the structure and radius of the clouds, and on the number and the size of the core region of the vortices.
Fig. 1 exhibits the typical density and phase distributions of the system for fixed rotation frequency
Ω = 0.6, but for different values of the ratio of atomic masses γ = 1, 2, 4, 9, corresponding to (a), (b),
(c), and (d), respectively. In this case, due to the small rotation and our choice of the initial data, a
single central vortex is generated for both components 1 and 2. It is clear from Fig. 1 that such density
distributions depend sensitively on the ratio of atomic masses. Upon increasing γ, the ground-state
density distributions of component 1 show overall concentrated contraction tendency, with the central
vortex structure unchanged. However, the sizes of the core region of the central vortices contract as the
ratio of atomic masses increasing. For component 2, the sizes of the core region, the density distributions
and the related vortex structures are essentially not affected by such changes.
6Shown in Figs. 2-4 are the density and phase distributions of the system for the same values of the
ratio of atomic masses as in Fig. 1, but for different rotation frequencies Ω = 0.7, 0.8, 0.9, corresponding to
Figs. 2-4, respectively. For a relatively larger rotation frequency Ω = 0.7, it is observed that a triangular
vortex lattice is formed for each component in the case of equal masses (γ = 1, see Fig. 2(a)). As the
ratio of atomic masses increasing, the ground-state density distribution of component 1 shows overall
concentrated contraction tendency, accompanied with a decrease of the sizes of the core region of the
vortices. Typical density and phase distributions of such case are shown in Figs. 2 (b)-(d). We note that
the overall concentrated contraction tendency of component 1 also appears in the following discussions
and in what follows we will give a more detailed physical explanation.
When the rotation frequency is further increased to Ω = 0.8 and 0.9 (as shown in Figs. 3 and 4,
respectively), the number of vortices of component 2 basically increases with the ratio of atomic masses,
on one hand; and on the other hand, the new nucleated vortices, together with the previous ones, form a
vortex necklace structure at the edge of the cloud. More interestingly, in the central region of the cloud,
we observe the formation of a single central vortex (see Figs. 3 (b) and (d)) and triangular vortex lattice
structures (see Figs. 4 (c) and (d)) for different parameter sets. Actually, this symmetric and central
vortex structure was discussed previously for a single-component BEC [49]; and the explanation of such
structure lies the fact that it is energetically favorable for the vortices to site in the low-density region
and this special type of vortex structure is more beneficial to lower the total energy of the system. While
for component 1, the number of vortices basically keep unchanging with the ratio of atomic masses γ,
accompanied with a structure change of the cloud. Although it is not yet certain what mechanism is
responsible, we may gain some physical insight by understanding the mass difference between such two
components, as discussed in the following subsection for the analytical results.
3.2. Analytical Results
Generally speaking, the ground-state density distributions of component 1 show overall concentrated
contraction tendency upon increasing γ in Figs. 1-4. This phenomenon can be easily explained by the
7change of chemical potential µ and the harmonic oscillator length a⊥ = [~/(mω⊥)]
1/2 in the transverse x-y
plane. The former one can be described by atomic mass m and an effective interaction g (which is fixed
in our scheme) within the mean-field approach at low energy under Thomas-Fermi (TF) approximation
[3, 47]. Thus, we can derive the relation between the radius of the condensate and the variable atomic
mass in the limit of large N and TF approximation.
For the case of atomic species with a repulsive interaction, high particle numbers and not too strong
confinement, e.g., N |as|/aho ≫ 1, the condensate wave function is essentially dominated by the interaction
energy. By using the stationary version of GP equation (3) and the TF approximation neglecting the kinetic
energy (the so-called quantum-pressure term (p−miΩ× r)2/2mi) [54, 55], we obtain
µ1 = V1 − m1
2
(Ω× r)2 + U11√
2piaz1
|ψ1|2 + U12√
pi(a2z1 + a
2
z2)
|ψ2|2,
µ2 = V2 − m2
2
(Ω× r)2 + U22√
2piaz1
|ψ2|2 + U21√
pi(a2z1 + a
2
z2)
|ψ1|2. (6)
The boundaries of the clouds are therefore given by
µi = Vi(r)− mi
2
(Ω× r)2. (7)
Thus one obtains the transverse radii of the clouds
Ri =
√
2µi
mi(ω
2
i − Ω2)
. (8)
By using the normalization constraint
∫ |ψ1|2dr = ∫ |ψ2|2dr = N , one derives
µ2i =
1
pi
[ Uii√
2piazi
+
Uij√
pi(a2z1 + a
2
z2)
]
Nmi(ω
2
i − Ω2). (9)
In the limit of large N , the transverse radii of the clouds is given by [56, 57]
Ri
ai⊥
=
(2µiω⊥
~ω2ho
) 1
2
, (10)
8where the geometric average of the oscillator frequencies ωho = (ωxωyωz)
1/3. As a consequence, the relation
between radii and masses leads to the overall concentrated contraction tendency clear. For a binary BEC,
we can approximately obtain the radius ratio of such two species,
R1
R2
=
[10√m1m42 +√2(m21m32 +m1m42)
10
√
m41m2 +
√
2(m31m
2
2 +m
4
1m2)
] 1
2
, (11)
To give a qualitative explanation of the relation between the radius and the atomic mass of the conden-
sate, the classical centripetal force can be employed. As shown in Fig. 5, when one rotates a binary system
(containing two species with unequal atomic masses) with fixed torque τ = r×F, where F = mΩ×(Ω×r)
represents the centripetal force, the bosons move as two clouds with different radii. Since τ is fixed, the
radius of the cloud is smaller for one with bigger atomic mass. Actually, the centripetal force employed
here is, to some extent, similar to the Magnus force, as discussed in [58, 59].
In addition, according to the Feynman relation, it is easy to deduce the number of the vortices in each
component, which can be written as [60, 61],
Nv(Ω) ≈ mΩR2, (12)
then the size of the core region for the vortices is given by [54, 62],
ri =
√
~
miΩ
. (13)
To give a clear comparison with the numerical results, the radius ratio and the size ratio of a binary
rotating atomic BEC as a function of the ratio of atomic masses are shown in Figs. 6 and 7, respectively,
where blue rings correspond to the numerical results read from Figs. 1-4 for γ = 1, 2, 4, 9, respectively.
From these pictures, we can clearly see that our numerical results match well with the analytical formula
(11) and (13).
Given the above analysis, we conclude that the ratio of atomic masses, together with the rotation
frequency, can be used not only to manipulate the structure and radius of the clouds, but also to control
9the number and the size of the core region of the vortices.
Before the conclusion, let us consider the possibility of experimental realization of such ground-state
density distributions and its related vortex structures. In real experiments, γ = m1/m2 is rarely strictly
integer-valued but often sufficiently close to an integer [15]. Perhaps the most promising system for
observing the described ground-state structures in experiments is a binary atomic BEC, which consists of
41K−87Rb (23Li−87Rb) atoms, for the case of γ = 2 (γ = 4).
4. Conclusion
In summary, we have investigated the equilibrium vortex lattices of a binary rotating atomic BEC with
unequal atomic masses. Within the framework of mean-field theory, the ground-state vortex structures
are obtained by using the BESP scheme within an imaginary-time propagation approach. Moreover, the
combined effects of the ratio of atomic masses and rotation frequency on the ground-state and rotational
properties are investigated.
Our results show that the ground-state density distributions and its related vortex configurations have
a strong dependence on such system parameters. Upon increasing the ratio of atomic masses γ and the
rotation frequency, the ground-state density distributions of component 1 (massive atom) show overall
concentrated contraction tendency, while the number of vortices of such component keep unchanging; for
component 2, the number of vortices increases with the ratio of atomic masses, on one hand; and on the
other hand, the new nucleated vortices, together with the previous ones, form a vortex necklace structure
at the edge of the cloud. In addition, in the central region of component 2, we observe the formation of a
single central vortex and triangular vortex lattice structures for different parameter sets. Finally, we also
discuss the structure and radius of the clouds, the number and the size of the core region of the vortices,
as a function of the rotation frequency, and of the ratio of atomic masses, and the analytical results agree
well with our numerical simulations. The results not only help us better understand the effects of the ratio
of atomic masses on the ground-state structures, but also offer us an alternative way to manipulate such
10
two-component system.
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Figure Captions
Fig. 1. (Color online) The ground-state density and phase distributions of a binary rotating atomic
BEC in an isotropic harmonic potential, for rotation frequency Ω = 0.6, g = 100, g12 = 20, and for
γ = 1, 2, 4, 9, corresponding to (a), (b), (c), and (d), respectively. The third and fourth columns are the
corresponding phase distributions.
Fig. 2. (Color online) The same as in Fig. 1 but for Ω = 0.7.
Fig. 3. (Color online) The same as in Fig. 1 but for Ω = 0.8.
Fig. 4. (Color online) The same as in Fig. 1 but for Ω = 0.9.
Fig. 5. (Color online) The qualitative explanation of the relation between the radius and the atomic
mass of the condensate. When one rotate a system mixing two species with unequal atomic masses with
fixed torque τ = r×F, where F = mΩ× (Ω× r) represents the centripetal force, the bosons move as two
clouds with different radius.
Fig. 6. (Color online) The radius ratio of a binary rotating atomic BEC as a function of the ratio of
atomic masses. The contact interactions are fixed at g = 100, g12 = 20, and the rotation frequency Ω =
0.6, 0.7, 0.8, 0.9, corresponding to (a), (b), (c), and (d) respectively. Here the mass of component 2 is set as
the unit mass, and the curve is plotted based on the formula R1/R2 = [(11m
2
2+m1m2)/(11m
2
1+m1m2)]
1/5.
The blue rings correspond to the numerical results read from Figs. 1-4 for γ = 1, 2, 4, 9, respectively.
Fig. 7. (Color online) The size ratio of the core region for the vortices in the same condition as in Fig.
5. The curve is plotted based on the formula r1/r2 = m
−1/2
1 , and the blue rings correspond to the results
read from Figs. 1-4 for γ = 1, 2, 4, 9, respectively.
16
(a)
(b)
(c)
(d)
Figure 1: (Color online) The ground-state density and phase distributions of a binary rotating atomic BEC in an isotropic
harmonic potential, for rotation frequency Ω = 0.6, g = 100, g
12
= 20, and for γ = 1, 2, 4, 9, corresponding to (a), (b), (c),
and (d), respectively. The third and fourth columns are the corresponding phase distributions.
(a)
(b)
(c)
(d)
Figure 2: (Color online) The same as in Fig. 1 but for Ω = 0.7.
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(a)
(b)
(c)
(d)
Figure 3: (Color online) The same as in Fig. 1 but for Ω = 0.8.
(a)
(b)
(c)
(d)
Figure 4: (Color online) The same as in Fig. 1 but for Ω = 0.9.
 
Figure 5: (Color online) The qualitative explanation of the relation between the radius and the atomic mass of the condensate.
When one rotate a system mixing two species with unequal atomic masses with fixed torque τ = r×F, where F = mΩ×(Ω×r)
represents the centripetal force, the bosons move as two clouds with different radius.
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Figure 6: (Color online) The radius ratio of a binary rotating atomic BEC as a function of the ratio of atomic masses. The
contact interactions are fixed at g = 100, g
12
= 20, and the rotation frequency Ω = 0.6, 0.7, 0.8, 0.9, corresponding to (a),
(b), (c), and (d) respectively. Here the mass of component 2 is set as the unit mass, and the curve is plotted based on the
formula R1/R2 = [(11m
2
2
+m1m2)/(11m
2
1
+m1m2)]
1/5. The blue rings correspond to the numerical results read from Figs.
1-4 for γ = 1, 2, 4, 9, respectively.
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Figure 7: (Color online) The size ratio of the core region for the vortices in the same condition as in Fig. 5. The curve is
plotted based on the formula r1/r2 = m
−1/2
1
, and the blue rings correspond to the results read from Figs. 1-4 for γ = 1, 2, 4, 9,
respectively.
